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Abstract
We establish eigenfunctions estimates, in the semi-classical regime, for critical en-
ergy levels associated to an isolated singularity. For Schro¨dinger operators, the
asymptotic repartition of eigenvectors is the same as in the regular case, excepted
in dimension 1 where a concentration at the critical point occurs. This principle ex-
tends to pseudo-differential operators and the limit measure is the Liouville measure
as long as the singularity remains integrable.
Key words: Quantum chaos, Schro¨dinger operators, Equilibria in classical
mechanics.
1 Introduction.
The problem we consider here concerns the asymptotic behavior of eigenvec-
tors of a self-adjoint operator and follows the works of Colin de Verdie`re [6]
and Zelditch [13], on the basis of a result stated first by Schnirelman. We are
more precisely interested in a proof of a microlocal concentration phenomena,
in the semi-classical regime, as established in [1,7]. The adaptation to semi-
classical analysis was done in [10], following a technic proposed by Voros [12].
We also mention [8] for a more general approach in the scattering setting.
Consider a quantum operator Ph, realized as a self-adjoint operator acting
on a dense subset of L2(Rn). A typical example, studied in section 2, is the
Schro¨dinger operator Ph = −h
2∆ + V where the potential V is smooth and
1 Work supported by the SFB/TR12 Symmetries&Universality in Mesoscopic Sys-
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bounded from below. If the spectrum of Ph is discrete in [E − ε, E + ε], a
sufficient condition for this is given below, we can enumerate the eigenvalues
in this interval as a sequence λj(h) with finite multiplicities. We note ψ
h
j the
corresponding normalized eigenvectors, i.e.
Phψ
h
j = λj(h)ψ
h
j , ||ψ
h
j ||L2 = 1.
Our objective is to establish eigenfunctions estimates:


νj(a) =
〈
Opwh (a)ψ
h
j , ψ
h
j
〉
,
λj(h)→ E, h→ 0
+,
where a ∈ S0(R2n), so that by the Calderon-Vaillancourt Theorem:
f 7→ Opwh (a)f(x) =
1
(2pih)n
∫
R2n
a(
x+ y
2
, ξ)e
i
h
〈x−y,ξ〉f(y)dydξ,
is bounded on L2(Rn). Note that the statement of the problem is local w.r.t.
E and we are here interested in the case of E = Ec critical. Each νj(a)
measures the observable Opwh (a) in the state ψ
h
j . Let Φt = exp(tHp) be the
Hamiltonian flow of the principal symbol p of Ph. Interpreted as distributions,
these measures are Φt-invariant which easily follows from:
〈
e−
it
h
PhOpwh (a)e
it
h
Phψhj , ψ
h
j
〉
=
〈
Opwh (a)e
it
h
λj(h)ψhj , e
it
h
λj(h)ψhj
〉
= νj(a).
By Egorov’s Theorem e−
it
h
PhOpwh (a)e
it
h
Ph is an operator of principal symbol
(a ◦ Φt) and νj is invariant under Φt, up to O(h).
We recall that E is regular if ∇p 6= 0 on the energy surface:
ΣE = {(x, ξ) ∈ T
∗
R
n / p(x, ξ) = E},
and critical otherwise. When Ec is critical, ΣEc is not a smooth manifold. For
E regular, ΣE inherits a measure, invariant by Φt, given by:
dLvol(z) =
dz
||∇p(z)||
|ΣE , z ∈ ΣE ,
where dz is the Riemannian surface element. We note V(E) the associated
volume of ΣE and we obtain a probability measure via:
dµE(z) =
1
V(E)
dLvol(z).
Note that if Ec is critical, dµ
Ec has a sense if and only if 1 ∈ L1(ΣEc , dLvol).
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Via a wave equation approach, substituting here the heat equation strategy
of [6] on a compact manifold, the problem is related at the first order to the
geometry of the energy surfaces. Accordingly, the integrability of dLvol has a
strong effect on the asymptotic behavior of the sequence νj .
The micro-local concentration near a singularity was studied in [7] in dimen-
sion one for a non-degenerate instable equilibrium where they proved that νj
converges to the Dirac mass at the equilibrium. We are first interested in the
case of Schro¨dinger operators, but a generalization to pseudo-differential oper-
ators provides more examples. Finally, we recall that in Riemannian geometry,
e.g. for compact surfaces of negative curvature, the question to know if the
full sequence converges to the invariant measure (quantum unique ergodicity)
is still an open problem.
Definitions.
We define now the objects used in sections 2&3. If Ec is a critical energy level,
we pick an h-dependant interval:
I(h) = [Ec − dh, Ec + dh], d > 0. (1)
The associated counting function of eigenvalues is:
Υ(h) =
∑
λj(h)∈I(h)
〈
ψhj , ψ
h
j
〉
= #{j / λj(h) ∈ I(h)}. (2)
For A = Opwh (a) a pseudodifferential operator of order zero, whose principal
symbol is a ∈ S0(R2n) we put:
Υa(h) =
∑
λj(h)∈I(h)
〈
Aψhj , ψ
h
j
〉
=
∑
λj(h)∈I(h)
νj(a). (3)
Observe that Υ(h) = Υ1(h) since for every quantization used in this contri-
bution the symbol of the identity is 1.
2 Schro¨dinger operators.
Let p(x, ξ) = ξ2 + V (x), where the potential V ∈ C∞(Rn) is real valued. To
obtain a well defined spectral problem, we use:
(H1) There exists C ∈ R such that: lim inf
∞
V > C.
By a classical result, Ph = −h
2∆+ V (x) is essentially self-adjoint. Note that
(H1) is always satisfied if V goes to infinity at infinity. Let J = [E1, E2], with
E2 < lim inf
∞
V . Since p−1(J) is compact, the spectrum σ(Ph) ∩ J is discrete
3
and consists in a sequence λ1(h) ≤ λ2(h) ≤ ... ≤ λj(h) of eigenvalues of finite
multiplicities, if h is small enough. Next, we impose the singularity:
(H2) On ΣEc the symbol p has an isolated critical point z0 = (x0, 0). This
critical points can be degenerate but is associated to a local extremum of V
V (x) = Ec + V2k(x) +O(||x− x
j
0||
2k+1), k ∈ N∗,
where V2k, homogeneous of degree 2k, is definite positive or negative.
The case k = 1, i.e. a non-degenerate singularity in dimension n, is treated in
[1] without any extremum condition. In Fig.1 the line in bold is the critical
energy level attached to the top of a one dimensional symmetric degenerate
double well. Observe the unstability near the recurrent critical point.
Figure 1. Energies surfaces of V (x) = −x4 + x6.
To simplify notations we write z = (x, ξ) ∈ T ∗Rn and z0 for a critical point.
The first result concerns the statistical behavior of the sequence νj(a).
Theorem 1 Assume (H1) and (H2) satisfied. If n > 1 we have
lim
h→0+
Υa(h)
Υ(h)
=
∫
adµEc ,
but in dimension 1 we obtain:
lim
h→0+
Υa(h)
Υ(h)
= 〈δz0 , a〉 = a(x0, 0).
These relations are statistical since when h→ 0 the number of eigenvalues in
I(h) tends to infinity, see Proposition 4. We define:
K(h) = {j ∈ N / λj(h) ∈ I(h)}.
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Following the results of [1,6,13,10], for n > 1 Theorem 1 implies that if Φt is
ergodic on ΣEc there exists a density one subset L(h) ⊂ K(h) such that for
all integer valued function h→ j(h) ∈ L(h) we have:
lim
h→0
〈ψhj(h),Op
w
h (a)ψ
h
j(h)〉 =
∫
ΣEc
adµEc .
Here, density one simply means that:
lim
h→0
#L(h)
#K(h)
= 1.
Since there is nothing new to prove, we refer to [1,10] for a precise study. More
interesting, is the generalization of the result of [7]:
Corollary 2 In dimension 1, assume that ΣEc is connected. Then, for the
weak * topology, we have νj(h) → δ(z0), j(h) ∈ K(h), uniformly as h→ 0.
Hence, we obtain a concentration at z0. Observe that δ(z0) is Φt-invariant. If
a is simply a function, the quantum probability satisfies:
lim
h→0
λj(h) = Ec ⇒ lim
h→0
|ψhj(h)|
2(x) = δx0 .
The interpretation is as follows. In dimension one, the invariant measure on
ΣEc has a singularity:
dLvol(z) ∼ c
dz
||z − z0||
, near z0 = (x0, 0).
The measure is not integrable and the result has to be different. For n > 1,
the singularity is integrable and an isolated critical point has no effect. This
reinforce the universality of the Liouville measure in quantum ergodicity. But
the case n = 1 is important since many problems, with symmetries, can be
reduced to the study of such a singular Schro¨dinger equation. See e.g. [7] for
an application in Riemannian-geometry.
Preliminary remarks.
The case of a local minimum of V is not really deep. Since ξ2 ≥ 0, z0 is a local
extremum of p and is an isolated point of ΣEc . According to the results of [3],
the contribution of a minimum is significative only if n = 1. We consider now
the non-trivial case of a local maximum of V , corresponding to an unstable
equilibrium of the flow. Finally, since we use below the functional calculous,
p has to be a symbol. But with (H1) we can eventually modify the potential
V outside of a compact, without modifying the main results. Hence no extra
assumption is required. Similar comments apply for section 3.
Proof of Theorem 1.
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We use the semi-classical trace formula technic. This approach, analogous to
the trace of the heat operator of [6], uses the propagator e
it
h
Ph and a general-
ization of the Poisson summation formula for this operator. Let ϕ ∈ S(R), a
Schwartz function. To approximate Υ we define:
γ(Ec, h, ϕ) =
∑
|λj(h)−Ec|≤ε
ϕ(
λj(h)− Ec
h
). (4)
This object can be treated by mean of Fourier integral operators (F.I.O.), see
e.g. [9], and we refer to [1,2,3] for a detailed study of the trace. We recall that
the Tauberian approximation concerns expressions:
ΥαE,h(ϕ) =
∑
j
αj(h)ϕ(
λj(h)− E
h
).
Under our assumptions, the behavior of ΥαE,h determines the behavior of the
weighted counting functions:
NαE,d(h) =
∑
|λj(h)−E|≤dh
αj(h).
Precisely, we will apply the results of section 6 of [1] for αj(h) = 1 or νj(a).
Strictly speaking, αj(h) ≥ 0 is required but, by a standard result of pseudod-
ifferential calculus, we can modify the quantization to have νj(a) ≥ 0. This
does not change the main results, see Eq.(14) below.
To attain our objective, we can suppose that supp(ϕˆ) ⊂ [−M,M ], M > 0.
Let Θ ∈ C∞0 (]Ec − ε, Ec + ε[), such that Θ = 1 in a neighborhood of Ec and
0 ≤ Θ ≤ 1 on R. We localize the problem near Ec by writing:
γ(Ec, h, ϕ) = γ1(Ec, h, ϕ) + γ2(Ec, h, ϕ),
with:
γ2(Ec, h, ϕ) =
∑
|λj(h)−Ec|≤ε
Θ(λj(h))ϕ(
λj(h)− Ec
h
)
= TrΘ(Ph)ϕ(
Ph −Ec
h
).
Where the last equality holds by support considerations. By a classical result,
see e.g. [2] Lemma 1, the term γ1 = γ − γ2 satisfies :
γ1(Ec, h, ϕ) = O(h
∞), as h→ 0. (5)
The Fourier inversion formula for γ2 and the previous estimate provide:
γ(Ec, h, ϕ) =
1
2pi
Tr
∫
R
ei
tEc
h ϕˆ(t)exp(−
i
h
tPh)Θ(Ph)dt+O(h
∞). (6)
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Next, with a function Ψ ∈ C∞0 (T
∗Rn), with Ψ = 1 near z0, we write:
γ2(Ec, h, ϕ) = γz0(Ec, h, ϕ) + γreg(Ec, h, ϕ),
where:
γz0(Ec, h, ϕ) =
1
2pi
Tr
∫
R
ei
tEc
h ϕˆ(t)Ψw(x, hDx)exp(−
i
h
tPh)Θ(Ph)dt, (7)
and γreg is simply the difference. The micro-local term γz0 contains the con-
tribution of the singularity and the discussion below determines if this term
is dominant. For finitely many critical point on ΣEc , we could repeat the pro-
cedure. For the convenience of the reader, we recall the contributions of an
equilibrium to the trace formula.
Proposition 3 Assume (H1), (H2) and that ϕˆ ∈ C
∞
0 ([−M,M ]), M ≤ M0.
If x0 is a local maximum of V we have:
γz0(Ec, h, ϕ) ∼ h
−n+n
2
+ n
2k
∑
m=0,1
∑
j,l∈N2
h
j
2
+ l
2k log(h)mΛj,l,m(ϕ).
If n(k+1)
2k
∈ N and n is odd then the top-order term is :
Cn,k log(h)h
−n+n
2
+ n
2k
∫
Sn−1
|V2k(η)|
− n
2kdη
∫
R
|t|n
k+1
2k
−1ϕ(t)dt.
Otherwise the first non-zero coefficient are given by:
h−n+
n
2
+ n
2k 〈Tn,k, ϕ〉
∫
Sn−1
|V2k(η)|
− n
2kdη.
This result is the contribution of an equilibrium since the distributional coef-
ficients have a non-discrete support, contrary to the Weyl-term supported in
t = 0 and the contributions of closed orbits supported by the length spectrum.
The distributions Tn,k and the universal constants Cn,k 6= 0 depend only on
(n, k) and are explicitly determined in [4]. Mainly, we need the order w.r.t. h
of these contributions determined by the functions:
wc(h) = h
−n+n
2
+ n
2k log(h)j , j = 0 or 1.
First, we give a natural application of Proposition 3.
Proposition 4 The microlocal counting function satisfies:
Υ(h) =


2dV(Ec)(2pih)
1−n + o(h1−n), if n > 1,
Λ(χ[−d,d])wc(h) + o(wc(h)), if n = 1.
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Here Λ is the first non-zero distribution of Prop. 3 and χ[−d,d] the characteristic
function of [−d, d, ].
Proof. By construction we have:
γreg(Ec, h, ϕ) =
1
2pi
Tr
∫
R
ei
tEc
h ϕˆ(t)(1−Ψw(x, hDx))exp(−
i
h
tPh)Θ(Ph)dt.
By the standard calculus on F.I.O. and an easy application of the stationary
phase method, as h tends to 0 we obtain:
γreg(Ec, h, ϕ) ∼
ϕˆ(0)
(2pih)n−1
Lvol(ΣEc ∩ supp(1−Ψ)) +O(h
2−n).
Hence γreg always contributes at the order h
1−n.
Case of n > 1. We have wc(h) = o(h
1−n) and :
Lvol(ΣEc ∩ supp(1−Ψ)) ≤ V(Ec) <∞, ∀Ψ.
It follows easily by shrinking the support of the cut-off Ψ that:
γ(Ec, ϕ, h) = (2pih)
1−nϕˆ(0)V(Ec) + o(h
1−n). (8)
Since the distributional factor is :
ϕˆ(0) =
∫
ϕ(t)dt = 〈1, ϕ〉 ,
replacing ϕ by χ[−d,d], via Theorem 6.3 of [1], provides:
Υ(h) = 2dV(Ec)(2pih)
1−n + o(h1−n).
Case of n = 1. Here the contribution of the critical point has a bigger order
than the regular one. We obtain :
γ(Ec, ϕ, h) = wc(h)Λ(ϕ) + o(wc(h)). (9)
To apply the Tauberian argument of [1], we observe that our distribution
Λ ∈ S ′(R) can be represented by an element of L1loc(R) and hence can be
extended as a linear form on C0(R) ∩ L
∞(R). We obtain:
Υ(h) ∼ Λ(χ[−d,d])wc(h). (10)
Which provides the desired result for n = 1. 
As a matter of illustration, for n = k = 1, we have:
log(h)|V2k(x0)|
− 1
2
d∫
−d
dt =
2d log(h)
|V ′′(x0)|
1
2
. (11)
8
Which is the result established for Υ(h) in [1,7]. Observe that for n = 1, k = 1
is the only case where a logarithm occurs and Υ(h) is slowly increasing w.r.t.
k since for all k > 1 :
Υ(h) ∼ Ch
1
2k
− 1
2 |V (2k)(x0)|
− 1
2k . (12)
Eigenfunctions estimates.
We recall how to derive eigenfunctions estimates from the trace formula. First,
to insert an observable A changes almost nothing. If Π is the spectral projector
on [Ec − ε, E + ε], computing the trace in the basis ψ
h
j and by cyclicity:
Tr
(
ΠAϕ(
Ph − Ec
h
)
)
=
∑
|λj(h)−Ec|≤ε
〈
Aψhj , ψ
h
j
〉
ϕ(
λj(h)− Ec
h
).
Since A is a bounded operator, if ϕ ∈ S(R) we can again smooth the problem
via an energy cut-off Θ(Ph), with an error of order O(h
∞). Hence we can
insert A = Opwh (a) in Eq.(7) and the results of Prop. 3 are the same after
multiplication by a(z0). Similarly, the regular contribution changes via :
ϕˆ(0)
(2pih)1−n
∫
ΣEc
a(z)(1 −Ψ(z))dLvol(z).
By evaluation of the trace, we have :
∑
|λj(h)−Ec|≤ε
〈
Aψhj , ψ
h
j
〉
ϕ(
λj(h)−Ec
h
) ∼ c0(ϕ)w(h)m(a) + o(w(h)),
where w(h) changes only if n = 1. By Theorem 6.3 of [1] we obtain :
∑
λj(h)∈I(h)
〈
Aψhj , ψ
h
j
〉
= m(a)w(h) + o(w(h)).
In particular this implies that:
lim
h→0+
1
Υ(h)
∑
λj(h)∈I(h)
〈
Aψhj , ψ
h
j
〉
= lim
h→0+
Υa(h)
Υ(h)
=
m(a)
m(1)
. (13)
Substituting the correct expressions for these measures we obtain:
- for n > 1 : m is a constant multiple of the Liouville measure.
- for n = 1 : m is a multiple of the delta-Dirac distribution in z0.
Extraction of a subsequence.
We chose a ≥ 0 and modify the quantization. Different choices are possible:
Friedrichs quantization OpF as in [1] or the anti-Wick quantization OpAW as
in [10]. These quantization are positive, i.e.
a ≥ 0⇒
〈
f,OpAW (a)f
〉
≥ 0, ∀f ∈ C∞0 (R
n).
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Since Opwh (a)−Op
AW
h (a) is of order -1, we obtain :
〈
ψhj , (Op
w
h (a)−Op
AW
h (a))ψ
h
j
〉
= O(h), (14)
and we can work with this positive operator. For n > 1, under the condition
that Φt is ergodic on ΣEc , the extraction of a convergent subsequence of density
one is the same as in [1,6,10] to which we refer for a detailed proof. For n = 1,
if ΣEc is connected, there is only one probability measure invariant by Φt and
the full sequence converges to δz0 . Once the result is established for a positive
symbol it can be extended by linearity to any a ∈ S0(R2n).
3 Pseudo-differential operators.
The case of pseudo-differential operators provides more explicit examples. Let
Ph = Op
w
h (p(x, ξ), obtained by Weyl quantization, where the symbol p is real
valued and smooth on T ∗Rn. In general position, one can also consider h-
dependent symbols
∑
hjpj(x, ξ), see [10]. But, to simplify, we consider only
the homogeneous case. As above we impose:
(A1)There exists ε0 > 0 such that p
−1([Ec − ε0, Ec + ε0]) is compact.
As in section 2, σ(Ph) ∩ [Ec − ε, Ec + ε] is discrete. A fortiori, (A1) insures
that ΣEc is compact. Next, we chose an homogeneous singularity :
(A2) On ΣEc, p has a unique critical point z0 = (x0, ξ0) and near z0 :
p(z) = Ec + pk(z) +O(||(z − z0)||
k+1), k > 2,
where pk is homogeneous of degree k w.r.t. z − z0.
Strictly speaking, one could consider k = 2. But this case is precisely treated
in [1]. The case of a critical point which is not an extremum is technical
because the singularity is transferred on the blow up of z0. To obtain a problem
that can be explicitly solved, we consider the following hypothesis inspired by
Ho¨rmander’s real principal condition:
(A3) We have ∇pk 6= 0 on the set C(pk) = {θ ∈ S
2n−1 / pk(θ) = 0}.
For example p3(x, ξ) = x
3 − ξ3 is admissible and p(x, ξ) = x3 − ξ3 + x4 + ξ4
satisfies all our hypothesis for Ec = 0.
Remark 5 With (A3), contrary to the case of a local extremum, z0 is not
an isolated point of ΣEc which imposes to study the classical dynamic in a
neighborhood of z0. The study of singularities like in (A3) is detailed in [11]
chapter 4 to which we refer concerning the integrability of dLvol.
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As in section 2, it is sufficient to study the local problem γz0 defined in Eq.(7).
The contributions to the trace formula are :
Proposition 6 Under (A1) to (A3), we have an asymptotic expansion:
γz0(Ec, ϕ, h) ∼ h
2n
k
−n
∑
m=0,1
∞∑
j=0
h
j
k log(h)mΛj,m(ϕ),
where the logarithms only occur when (2n+ j)/k ∈ N∗ and Λj,m ∈ S
′(R).
As concerns the leading term we obtain:
(1) If k > 2n (non-integrable singularity on ΣEc) we have :
γz0(Ec, ϕ, h) ∼ h
2n
k
−nΛ0,0(ϕ) +O(h
2n+1
k
−nlog(h)), as h→ 0,
where Λ0,0 is a universal distribution.
(2) If the ratio 2n/k ∈ N we obtain logarithmic contributions :
γz0(Ec, ϕ, h) ∼ h
2n
k
−nlog(h)Λ0,1(ϕ) +O(h
2n
k
−n), as h→ 0,
(3) For 2n > k, 2n/k /∈ N the result is as in (1) with a different distribution.
These results describe very precisely the singularity at z0. But this is not our
purpose here and we refer to [5] for a detailed formulation of these contri-
butions. For n = 1, k = 2, the case (2) agrees with section 2 and allows to
recover some results established in [1,7].
Application to microlocal measures.
The proof is exactly the same as in section 2. The main difference is that
the singularity on ΣEc can be of arbitrary order. In our setting, according to
Prop.6 the top order coefficient changes if and only if we have:
2n
k
− n < 1− n⇔
2n
k
< 1. (15)
If k < 2n the singularity is integrable and contributes at a lower order com-
pared to h1−nV(Ec). But if k ≥ 2n, which corresponds to a non-integrable
singularity for dµEc, the main term changes. To summarize, we obtain:
lim
h→0
Υa(h)
Υ(h)
=


∫
adµEc , for k < 2n,
a(z0), for k ≥ 2n.
Contrary to section 2, observe that for k ≥ 2n and if n > 1 we do not obtain
the convergence of the full sequence νj(h), j(h) ∈ K(h), to the dirac-mass at
the equilibrium. The obstruction is that an invariant probability measure can
be supported by the closed orbits of ΣEc .
Comments.
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From these 2 families of example the conclusion is that the limiting measure
changes only if ΣEc carries a measure such that 1 /∈ L
1
loc(ΣEc , dLvol). Inter-
preted as a quantum measurement, one obtain a very precise localization : if
a = 0 around z0 the limit is the Liouville-measure but if a(z0) 6= 0 the limit
strongly differs.
An interesting problem would be to study the repartition in presence of 2 equi-
libria z1, z2 on ΣEc of the same nature and with a non-integrable singularity.
In this case any convex combination :
ν = aδ(z1) + (1− a)δ(z2), a ∈ [0, 1], (16)
provides an invariant probability measure. A natural question is to determine
if the limiting measures are equally distributed between z1 and z2.
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